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Abstract. A kinetic equation formulation is used to analyse the density and current
correlation functions for a classical liquid. The matrix elements of the collision integral
which contain information about the behaviour of the system in the short-time and
hydrodynamic limits are eliminated formally from the kinetic equation and the correlation
functions derived in terms of both these matrix elements and reduced correlation functions
which are solutions of a kinetic equation with the remainder of the collision integral. This
procedure facilitates the comparison of most of the existing theories and leads to a flexible
scheme for developing interpolation formulae for the correlation functions which are valid
in both the short-time and hydrodynamic limits.

1. Introduction

The time-dependent correlation functions, such as the coherent and incoherent scatter-
ing functions, give a complete description of the physical properties of classical liquids.
As these functions can be measured experimentally by neutron scattering and com-
puted directly by molecular dynamics, it is not surprising that they have received much
attention from theorists during the last ten years (Schofield 1975). So far, a complete,
unified theory for both the equilibrium and non-equilibrium properties of liquids is
lacking and the equilibrium properties are usually assumed known and used in the
calculation of the non-equilibrium functions. In spite of the diversity of theoretical
methods (Schofield 1975), including linear response, mean-field and kinetic equation
theories, the resulting correlation functions are often similar in structure although
different in detail. Several theories attempt generalizations from a particular limit, the
extreme limits being the hydrodynamic (Zwanzig and Bixon 1970) and short-time
regions (Lebowitz et al 1969, Sykes 1973), and lead quite naturally to correlation
functions which are valid in the limit but break down elsewhere. In this paper we
examine the general structure of the time-dependent correlation functions and show
what properties a theory must satisfy for the correlation functions to be correct in both
the hydrodynamic and short-time limits.

We will confine our attention to the coherent or total functions and use a kinetic
equation description with a collision integral 2. The conditions which X must satisfy so
that the correlation functions have the correct behaviour in the short-time and
hydrodynamic limits have been given by Forster and Martin (1970) for a low density,
weak coupling model and generalized independently by Mazenko (1974) and Forster
(1974). The correlation functions, kinetic equation and these conditions are defined in
§ 2. In § 3, we divide the collision integral X into two parts, the first part containing
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1772 J Sykes

information, such as sum rules, which is known and the second part being the
remainder, o, which is either entirely unknown or extremely difficult to analyse. The
first part of the collision integral is formally eliminated from the kinetic equation and
the correlation functions are written in terms of those matrix elements of = which are
well defined in the short-time and hydrodynamic limits and reduced correlation
functions which are solutions of the kinetic equation with the remainder of the collision
integral o. The general structure of the resulting correlation function is examined and
this facilitates the comparison in § 4 of many existing theories. In § 5, interpolation
formulae for the correlation functions are developed which give the correct short-time
and hydrodynamic limits by keeping those parts which are known and approximating
those which are unknown. The properties of the reduced correlation functions are
determined and a simple approximation, namely the equation of Bhatnagar etal (1954,
to be referred to as BGk) with a single relaxation time, is suggested.

The approach adopted here is similar to the recent work of Jhon and Forster (1975),
the main difference being that we first eliminate formally the important matrix elements
of the collision integral and examine the structure of the correlation functions, whereas
the other authors start with an expansion of the collision integral in momentum space
and introduce approximations before calculating the correlation functions.

2. Kinetic equation: properties of the collision integral

For a system of N particles, the ith particle being at r;(¢) with momentum p;(¢) at time ¢,
the single-particle density is given by

N
fQ,)=f(r,p1, )= Zl 8(ri—r(1))8(p1—pi(£)). (2.1
The single-particle phase-space distribution function is defined as

8(1, t152, t2) =S(ry, 1, t1; 12 P2, 1) = (1, 1) —(F(L, tDHFQ2, 1) — {2, 1)),  (2.2)

where the angular brackets denote an average over an equilibrium ensemble, and from
the space-time invariance of the system

S(ri, P1s 113 P2y P2, ) =S(r1— 13, ty— 125 P1, Pa).
We will follow the notation of Forster and Martin (1970) and Forster (1974), who use
dimensionless momentum variables

p = muoé (2.3)
with

vo=1/Bm; B=1/ksT,

and write the transform of S as

S(k9 Z, gla §2) = l <[) dt eizlj d' e_ik"s(f, t; gl’ §2)7 (2'4)
where
S(r, t; &1, &)= (mve)°S(r, t; py, po).
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The transformed distribution function is the solution of the kinetic equation (Forster
1974)

(z—vok.&)S(k, z; &1, §2) = —So(k; &1, fz)'*‘J dé;2(k, z; &1, £3)S(k, 25 &3, &2) (2.5)

where
Solk; €1, £2) = S(k, 1= 0; £1, &) = nd (£)8 (€1~ £) + n°h (k)b (£ (£2). (2.6)
¢ is the Maxwellian velocity distribution in dimensionless form

¢ (&) =2m) " exp(—1¢?), 2.7)

n is the density and h(k) is related to the liquid structure factor S(k) and direct
correlation function c(k) by

I S
1—nck)

Asis well known (Nelkin and Ranganathan 1967, Lebowitz et al 1969, Sykes 1973), the
collision integral X separates into two parts

S(ky=1+nh(k)= (2.8)

2k, z; €1, &) =2k, £) + 2k, 2; &1, &) (2.9)
with the static part being
3*(k, £1) = —nc(k)vok.& ¢ (£). (2.10)

In order to discuss the properties of the collision integral X°, Forster and Martin
(1970) and Forster (1974) introduce a complete set of states X, (£); the first five, which
we will call the hydrodynamic states, are

X, =1; X@)=¢k  X@)=E-3)/V6
XJ(§)=&.4; Xs(&)=£.f (2.11)
with # and f Cartesian unit vectors perpendicular to k. The remaining states will be left

unspecified; they can for example be taken as Hermite polynomials. These states are
orthogonal and normalized with weight function ¢:

)= [ X O8O X, (0)=5,.0 (212)
We also define matrix elements by
(v|F(k, 2)lu) =F,,(k, z)= J dé, _[ d€> X, (EDF(k, z; &1, §2)(£2) X, (£2) (2.13)
where again ¢ is the Maxwellian function given in equation (2.7).

The correlation functions we are particularly interested in are the density—density
function

Bunll 2)= [ 8, [ oS, 216,60 (2.14)
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and the current—current function
ok, 2)= (moo)” [df, [dbatiSh, 23 £, 6062

kk kk
=gk, 25+ alh 2)(1-35 ) (2.15)

where g; and g, are the longitudinal and transverse parts respectively. If we now put

S(k,z; &1, &) =Sk, z; &1, £2)¢(£2) (2.16)

and
So(k;§1,§2)=§0(k;§1,§2)¢(§2), (2.17)

so that the kinetic equation (2.5) is satisfied by Sand S,, then the correlation functions of
interest can be written in the compact form

8nn(k, 2) = (1|S(k, 2)|1)
gitk, z) = (2|8(k, 2)|2)(mv,)* (2.18)
gk, 2) = (4IS(k, 2)|4)(mvo)> = (5|S(k, z)|5)(muvo)’.
The last equality and the additional relationships
(4|8 (k, 2)[2)=(5|S(k, 2)|2)=(5|S (k, 2)|4) = (2|S(k, 2)|4)=(2|S (K, )I5)
=(4|S(k, 2)|5)=0 (2.19)

follow from the form of equation (2.15).
We now turn to the properties of the collision integral £° as derived by Forster and
Martin (1970) and Forster (1974). We start by expanding £°in terms of the states X as

(261,80 = L L Zanlk, DX (EDS(E) Xn(£) (2.20
where
Sutk, 2) =(v|Z(k, 2)|u). (2.21)

From the condition of detailed balance
Sk, z; &1, £)P (&) =3k, z; £, £1) B (£1)
it follows that
2ulk, 2) =3 (k, ). (2.22)

Furthermore, from the conservation of particle number

ki

J‘dglzc(k, z, gl’ §2) = O
so that
1ulk, 2)=0 for all . (2.23)
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2.1. Short-time limit

In Forster’s (1974) notation, as z - 00:

1. 1. 1
2k, z; &, &)= ‘z‘zo(k; £, &) +721(k; &, fz)‘*‘o(;i)- (2.24)
The matrix elements of Xg defined by

2ou(k)o= v |Zg(k)|se)

involve the sum rules

wi=2 [arg(ve), (229)

w,2=3v(2,k2+;nn—jdr g(r)(1—cos k. r)(.V)2d(r) (2.26)
and

w? =03k +21 [ drg(r)(1-cos k. IV~ (€. 9100, (2.27)

Here ®(r) is the two-body potential and g(r) the radial distribution function, both of
which are spherically symmetric for a liquid. The results are

35:(k)o = wi —vok*(3 - nc(k))
S5a(k)o=3wE (2.28)
Saa(k)o=255(k)o= w:2 - U<2)k2

and all the other matrix elements involving at least one hydrodynamic state, that is »
and/or u equal to 2, 3, 4 and 5, vanish. The remaining elements are given by

0X,(£:1) 0X,.(£1)
3 = o9&

Forster (1974) also considers the second term X in equation (2.24) but this is not
required for our purposes.

55, 000= 4o} €66 (2.29)

2.2. Hydrodynamic limit

In the hydrodynamic limit, z and k -0, the matrix elements for the hydrodynamic
states can be expanded to third order in z and k as (Forster and Martin 1970, Mazenko
1974, Forster 1974):
252k, z) = —i‘)'zzvtz)kz,
2

2;_3(16, Z) = \/_6(%¢1U0k + in:;ZUok),

Sa(k, 2) = —az —iGys305k >+ ¥3327%)
224(,(’ Z) = 225("7 Z) = —i‘th(z)kz-

(2.30)



1776 J Sykes

To this order, the longitudinal and transverse modes are decoupled so that
2§4=2§5=2§4=2§5=2§5=0~ (2.31)

By comparing these expansions with the exact results in the hydrodynamic limit,
information can be obtained about the equilibrium properties as well as the transport
coefficients of the liquid. The equilibrium properties of the correlation functions are
given correctly provided a and & are chosen so that

(%’) = nkg(1+3a) (2.32)

and
me, =3kp(1+@), (2.33)

where kg is Boltzmann’s constant.
The viscosity, thermal conductivity and bulk viscosity are respectively

n = mnogy+n'

Kk = nkgviyss+x' (2.34)
and

{ =3mnoi(3ys—48y23+28" 73— 4y +{'
where

8=(1+3a/4)/(1+a).

n', «' and {’ are given as complicated matrix elements involving non-hydrodynamic
states by Forster (1974) and will not be written out here.

3. Separation of the collision integral

For a theory of correlation functions to be correct in both the short-time and
hydrodynamic limits and to interpolate reasonably between them, it is clear from the
previous section that the important matrix elements of the collision integral £° are those
between the hydrodynamic states. In this section we will eliminate these matrix
elements from the collision integral and kinetic equation and investigate the general
structure of the correlation functions.

To illustrate the method, which is a generalization of the work of Lebowitz et al
(1969), we first in § 3.1 eliminate just the static term 2° from the kinetic equation and
then remove 23, in § 3.2 and finally all the matrix elements between hydrodynamic
states in § 3.3,

3.1. Static term

With the explicit form for 2° given in equation (2.10), the kinetic equation for S is
(z ~ vk X (£1))S(k, z; &1, £2)
=53k &1, &)~ ne()uok X6 B &) [a:S(k, 2: £, £

+ (83, 2 1, 6050 23 60, £0). (3.1)
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Suppose, as with Lebowitz et al (1969), G, is the solution of

(2 —vokX2(£1))Golk, z; &1, §2) = ~8(§1 —£2)+ Id§3z°(k, z; &1, £)Golk, 25 €3, &)

(3.2)

From equation (2.22), we find

Golk, z; €1, E)b(£2) = Golk, z; &, E1)P(€1)
so that

(v|Golk, 2)lu) =(u|Golk, 2)v) (3.3)
and from equation (2.23)

2{1|Go(k, 2)|p) ~ vok{2|Golk, 2)|pn) = ~8,.1. (3.4)

The distribution functions S and G, are related by

§(k, 2, €1, &)

= [a£,Goth, 23 61, £
x[Sulk; £, £+ ne(kIookXele(€) [ 4£S(K, 23 61,62
= nGolk, ;1. &)+ n*h(k) [AEGolk, 25 £, £ (&)

+nc(k)vok J’dsto(k, z; &1, £3) Xa(€3)d (€3) Jd§4§(k, z;64,6)  (3.5)
so that the matrix elements of § are given by

WSk, 2)|u) = n(1+nh(k)8, 1 Xv|Golk, z)|p)+nc(k)vok(¥|Golk, 2)|12X1|S(k, 2)|w).

By setting v =1, ( 1/5]) can be calculated and then used to obtain all the other matrix
elements (v|S|w).
For the correlation functions defined in equation (2.18), the results are

gnn(kaz)_ <1|GO(k’ Z)'1>

nS(k) ~ 1—nc(k)—znc(k)1|Golk, z)|1) (36

gk, z) 5z ( gulk, 2)

sk "R <z nS(k) “) (3.7)

8 D) (oo alGilk, 2)4) 39)
Here, we have used

(2|Go(k, 2)|4) = 2|Golk, 2)|5) = (4|Go(k, 2)|5)=0 (3.9)
and

(4|Go(k, 2)|4) = (5|Go(k, z)|5) (3.10)

in order to maintain the structure of equation (2.15).
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The result for g,, in equation (3.6) can be used to derive a mean-field theory
expression for the response function in the form

x(k, 2) =§gm(k, 2)+S(k)= voknlms'(k, D)= wf‘k“(z");: = (3.11)
where the screened response function

xselk, 2) = vok(1|Go(k, 2)|2) (3.12)
and the polarization potential

Yk, z)=nc(k). (3.13)

Nelkin (1969) has shown that several of the older theories (Nelkin and Ranganathan
1967, Singwi et al 1970, Kerr 1968) can be cast in this form with particular choices for ¢
and y,. so we will not discuss it further. Finally, we note that the relationship between
g.» and g, in equation (3.7) following from particle conservation is well known.

32 %and 23,

We now eliminate from the kinetic equation the static and X5, terms. As the method is
the same as in § 3.1, the details will be kept to a minimum.
Put

3k, z; €1, £) = Z52(k, 2) Xo(£) b (€1) X2(E) +0alk, 25 €1, &) (3.14)

and suppose that G, is the solution of the reduced kinetic equation

(z — 0ok X2(£1) Gk, 2; &1, &E2) =—6(§,— &) + J’dfsaz(k, z; &1, €3)Galk, 25 &3, £2).

(3.15)

As before

¥|Gak, 2)|p) ={r|Galk, 2)|v) (3.16)
and

z(1|G(k, 2)|p) — 0ok (2|Galk, Z)|p) = —8,.1.
The distribution functions S and G, are related by
Stk 2; &, &)= [ A£Gk, 23 £, 6

x(Salks 5, &)+ ne (R)ook XE) &) [k, 2 £, £

— 25 (k, 2)Xo(£3) (¢3) J d€.X(£)S(k, z; &4, «fz)) (3.17)

from which the matrix elements of § and hence the correlation functions can be
determined.
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In this case, the mean-field theory of equation (3.11) is maintained but with

xsc(k, 2) = vok (1| Gk, 2)|2) (3.18)
and
wik, Z)=nC(k)—®EE§2(k, 2), (3.19)

The longitudinal correlation g, again satisfies equation (3.7) and the transverse correla-
tion is now

gt(]:; Z) = (mvo)2<4lG2(k, Z)I4> (320)

with the same assumptions for G, as equations (3.9) and (3.10) for G,.
We defer until the next section the discussion of these and the following correlation
functions.

3.3. 2° and hydrodynamic matrix elements

We put

5 s
Sk, z; &1, &)= ), Zz Zamlk, 2) X0 (£ (ED X (&) + ok, z; &, &) (3.21)

n=2m=

and let G(k, z; &, &) be the solution of the kinetic equation with collision integral
o(k, z; &, &). Then the matrix elements

S =S, (k, 2) = (u|S(k, z)|v)

for the hydrodynamic states are solutions of the equations
5 -—
Z_l (‘Snm + Ap.m)Smu =a,,
where
Ap,l = _nC(k)UokGy,z
5
Aum= Y GunZ,, for2sms<S5
n=2
and

a,, =n(l+nh(k)s,,)G,,.

If there is no coupling between the longitudinal (1, 2, 3) and transverse (4, 5) states,
then

= XO(k7 Z)
Xtk 2) = D~ ek, Dk, 2) (322)

where
Xolk, 2) = vok[G12+ 233(G12G33— G13G3y)]

c c c ¢ (323)
xi(k, 2) = (1+25:G23)" + G33(Z33— 233233G3)
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and ¢ is given in equation (3.19); the relationship (3.7) is maintained and

Gas
1+334Gas’

Obviously this method can be extended and matrix elements for non-hydrodynamic
states formally eliminated once these states have been specified.

L glk, 2)= (moo)” (324)

4. Comparison of theories

In this section we will compare many of the exisiting theories either by calculating the
matrix elements of the collision integral when approximate kinetic equations have been
used or by casting the results into one or other of the general forms of § 3.1, § 3.2 and
§ 3.3. The theories will be discussed briefly and in chronological order, the reader being
referred to the original papers or the review article (Schofield 1975) for further details.

4.1. Hubbard and Beeby

Unlike most other theories, Hubbard and Beeby (1969) try to calculate the equilibrium
properties of the liquid as well as the correlation functions. Their results for x(k, z),
equation (3.11), can be written in the form of § 3.2 with

xXsc(k, 2) = (vok )’ Q(k, 2) 4.1)
and
Wk, z)= nc(k)-(t—)ozk—)zféz(k, z) 4.2)

where X3, is approximated by
c 1oc
2ok, 2) = zzzz(k)o-

352(k)o is given in equation (2.28) and Q(k, z) is related to the self or incoherent
correlation function and will not be written out.

4.2. Chung and Yip

For the longitudinal correlation function, Chung and Yip (1969) use an approximation
with two relaxation times; a similar theory with a single relaxation time will be discussed
below in §4.6. For the transverse correlation function, a single relaxation time
description is used, the result being equivalent to § 3.3, equation (3.24), with

1 L __1_1'_ 2
G44(k, Z) - 1—iz7 (UOk) (43)
and
c —ir
2k, z)= 1—““244(’()0- (4.4)
—1z7

We will show in the appendix how G4 can be derived from the BGk equation.
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4.3. Lebowitz, Percus and Sykes

The collision integral in the short-time kinetic equation of Lebowitz et al (1969) has
matrix elements

2ok, 2) = —iw(=iz)Z;,(k)o 4.5)
where the function w is unspecified apart from satisfying the condition
w(s)->1/s as § ->00.

When the hydrodynamic matrix elements are eliminated, the reduced kinetic equation
is the Fokker-Planck equation with a modified friction coefficient.

4.4. Akcasu and Duderstadt

The approximation developed independently by Akcasu and Duderstadt (1969, 1970)
is the same as § 4.3 but with the explicit choice

If we introduce a relaxation time 7 by putting a = 1/7, then equation (4.5) becomes

—ir

Z:Ll/(k’ Z) = Efw(k)o (46)

1-izr

4.5. Pathak and Singwi

The screened field theory of Pathak and Singwi (1970) gives a response function
Xsc(k, 2)

1- ‘l’ps(k )Xls):(k, Z)

where x%(k, z) is the response function for a modified ideal gas and involves a mean
free path I'(k). The comparison of their result with (3.11) is not entirely trivial because
Xsc as defined in (3.12) is obtained from a reduced kinetic equation whereas x%: in (4.7)
can be regarded as the response function calculated from a non-reduced but approxi-
mate kinetic equation. To effect the comparison, we put

X = Xse/ (1~ ¥xsc)

as before and

Xps(k, 2) = 4.7)

X0=Xsc/(1"¢0Xsc)

so that
Xo

T w-von “®

Then, allowing for minor differences in notations,

X

1
x(k,z)= —[;xps(k, z)

Xolk, z)= --’gl;x's’i(k, z) (4.9)



1782 J Sykes

and
Yk, z)—olk, z) = —Bnys(k).

¢ and o can now be chosen so that

Y(k, z)=nc(k)— 2222(/( z) (4.10)

(vok)

with the approximation

c 1 [+
2k, z)= ;Zzz(k)o
and

3 T'(k) (
Yolk, z) = 5 (Uok)2 (vok)z\
The last expression in the notation of Pathak and Singwi is analogous to (4.10) for their
modified ideal gas and obviously vanishes when I is zero.

-z<wps>3—3<u°k)2). @.11)

4.6. Lovesey

The theory of Lovesey (1971) for the longitudinal correlation function is similar to that
of Chung and Yip but involves only a single relaxation time. The result for y is of the
form of (3.11) with

1 1 ( z>2 1-3izr

_— ==} + .

Xsc UokGlz vok 1—izr (4 12)
and ¢ given by (3.19) with

25:(k, Z)— 2'22(k)0 (4.13)

We will show in the appendix that (4.12) can be deduced from a simplified form of the
BGK equation.

4.7. Kugler
Kugler (1973) considers

XkO(k’ Z)
1+¢k(k’ Z)Xko(k, Z)

and takes yo to be the ideal gas response function. As can be seen from § 4.5 when
I'=0, no additional manipulation is required and (4.14) is equivalent to (3.11) with

xx(k, z)= 4.14)

1
x(k, Z)=B;Xk(ky z),

1
Xsc(k,2)=ﬁXko(k, z) (4.15)

and

Y(k, z)=—Bnox(k, z).
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Kugler examines two choices for ¢y, the simpler one leading to (3.19) with
Fir
1Fizr

25k, z) = 22(k)o. (4.16)

4.8. Jhon and Forster

Jhon and Forster (1975) consider the formal expansion of the collision integral in
momentum space and approximate the first few terms. In our notation, with the
coordinate axis z chosen to be parallel to k, the matrix elements of their collision
integral are

2k, 2)=0Z,(k)o+ Al(G— a)(vok)zéﬂ,,,a,,,z —Gvok(B(v)8, 2+ B()d, 2)

+dB(un)B(v)]. 4.17)
Here

o=1/(z+i/7)

6=1/(z~-wlo)

_B k) 18

A Zelk) “.18)
and

B(u)=Alulél-1)
where

A=2o(Be.0) a0

and 7, which is related to the short-time behaviour, will not be written out. In
particular,

35,k 2) = 025, (k) + A (G — o) (vok) (4.19)

and
23k, 2) =0 Ziu(k)o (4.20)
The first term in (4.17) is similar to the theories in § 4.3 and § 4.4 and by choosing
Hermite polynomials, Jhon and Forster solve the kinetic equation and calculate the

correlation functions. There remains the choice of the functions w.(k), Xee (k), Xze (k)
and 7(k) and these are approximated.

4.9. Summary

This analysis puts into perspective the various theories so far proposed for the
correlation functions. For the hydrodynamic matrix elements such as 2, the simplest
choice is the short-time limit

c | S
250k, z) = ;Zzz(k)o-

To include a better description of the z dependence nearly all authors have used a
relaxation time 7 with

—iT

252k, 2) = 222(k)o, (4.21)

1-iz7
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although the methods suggested for determining = which may be k dependent have
varied widely. For the reduced correlation functions and x,. much greater imagination
has been shown and approximations have been developed based on the ideal gas, the
self function, and the Fokker-Planck and BGk equations. Clearly, the recent theory of
Jhon and Forster is more ambitious than the others.

5. Interpolation formulae

In order to develop interpolation formulae for the correlation functions which are
correct in both the hydrodynamic and short-time limits, we must consider the matrix
elements of the collision integral between hydrodynamic states and the reduced
correlation functions which occur in equations (3.22) and (3.24). Here we will adopt a
pragmatic point of view and approximate these functions separately.

The behaviour of the hydrodynamic matrix elements has been discussed in § 2. For
example,

S5k ) Tkl aszow® 5.1)

with 25,(k)o defined in terms of equilibrium functions in equation (2.28) and
S5,(k, 2) > —iy2(vek)® ask,z >0 (5.2)

where vy, is constant and contributes to the bulk viscosity ¢ in equation (2.34). If we
follow most other authors and put

—i .
T 552(k)o (5.3)
1Z7

2;2(1(7 Z) = _
where 7 is a k dependent relaxation time, then condition (5.1) is automatically satisfied.
Since

S0, (k)o = (vok ) Zolk)

with 2q(k) remaining finite as k -0, then condition (5.2) follows from r(k)- 7(0) as
k - 0 with

Y22 = 26(0)7(0). (5.4)

Thus both conditions can easily be satisfied and as the behaviour of 7 for non-zero k is
arbitrary it can be chosen according to some other criterion such as the ideal gas limit.
The other hydrodynamic matrix elements can be represented in a similar way.

The reduced correlation functions G, are solutions of a kinetic equation with the
reduced collision integral o defined in (3.21). If we take o to be the Fokker-Planck
operator as in the theories of § 4.3 and § 4.4, then the matrix elements of o will be exact
in the short-time limit, as in equation (2.29). However, the short-time behaviour of
these matrix elements does not affect the short-time behaviour of the correlation
functions of interest and so their exact representation is not necessary for our purposes.
The obvious alternative to the Fokker-Planck equation is the BGk collision integral
which has matrix elements

i
Opy = _7"81"-#’(1 —av,l —811,2_61',3—511,4_61/.5)- (5'5)
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In general, the relaxation time T may be k dependent and different from 7 in (5.3). The
defects of the BGk equation have been known for a long time: for example, the
equilibrium properties of the correlation functions calculated from the BGk equation
are the ideal gas results. (This can be seen directly from equations (2.32) and (2.33) by
noting that o»3(k, z) and o33(k, z) are zero by definition and hence « and & are also zero
from equation (2.30)). However, because of the elimination of the hydrodynamic
matrix elements, the properties of the BGk equation are precisely those required here of
the reduced kinetic equation.

If we choose simple representations such as (5.3) for the hydrodynamic matrix
elements and calculate the reduced correlation functions from the BGk equation, the
results for which are given in the appendix, then the correlation functions are com-
pletely determined, once the relaxation times are specified, and have the desired
properties. Without writing out all the analysis, we find from equation (3.22) for the
density—density correlation function

1
2 guntk, 2) = =Sk ~—13(00k)* = =5(vok) o} + O3 5.6)
n z z z

as z - 00, which is exact to fifth order. In the hydrodynamic limit, g,, has the expected
form (Kadanoff and Martin 1963) with

G_q, 21 (1+3e/4)
Co 3(1—-nc(0)) (1+a)

cz=-§’3(l —nc(0)vs

K= nkag(‘)'n +3To) (5.7)
7 = mnog(y.+ To)
{ =3mnvi(3y22— 48723 +28% %33~ 4.
With the equations (2.32) and (2.33) and the result
1-nc(0)=1/S(0)=1/nkpg Tk, (5.8)

where «r is the isothermal compressibility, it can be seen that the first equation in (5.7)
is an exact expression for the specific heat ratio ¢,/c, and the second equation is exact
for the adiabatic sound velocity c. The transport coefficients are equivalent to (2.34)
with the contributions n’, «’ and {’ of the non-hydrodynamic states given by the
corresponding BGK results. (The fact that these are not exact is not a serious defect of
the theory because the experimental values of the transport coefficients cannot be
separated unambiguously into parts and exact values assigned to 1" etc.) The properties
of the longitudinal function g follow immediately from equation (3.7) and the above
results. Finally, for the transverse function, from equation (3.24)
zB 1,

1
;‘;gz(k,z)——l—?wt +0(?> (5.9)

as z > 00. g, can also be written as

nm 1
B z+ik*n(k, z)/nm

guk,z)=— (5.10)
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where n(k, z) is a generalized viscosity. Then, in the hydrodynamic limit
n(k, 2) > mno(y.+ To) (5.11)

which is the same as the result in (5.7).

The theory outlined above is the simplest way of deriving interpolation formulae
with the desired properties, although of course it is not unique and in fact the result for
the transverse correlation function is almost identical to that of Chung and Yipin § 4.2.
The main feature of this analysis is that, provided the correct structure is used for the
correlation functions, the exact results in both the short-time and hydrodynamic limits
can be obtained with only minimal restrictions on the relaxation times, namely that they
have the correct values in the limit £ > 0. In order to make a sensible comparison with
experiment, instead of merely curve fitting, it is clear that more information about the
microscopic nature of the system has to be invoked to determine the k& dependence of
the relaxation times. Finally, the methods developed here are sufficiently flexible that
they can easily be extended and collision integrals more complicated than the BGk
equation used, as in the theory of Jhon and Forster.

Appendix

The collision integral of Bhatnagar er al (1954) is constructed so that it conserves
particle number, momentum and kinetic energy. For a distribution function G their
kinetic equation is

(z —vok X5(£1))G(k, z; &1, &2)

56— £+ | dbsoth, 23 £, £)G (K, 73 61, £) (A1)
where the matrix elements of o are
a.y.v(k, z)= “€5u,u(1 —8,1—6,2—8,376,4— 5u,5) (A.2)
and e is related to a relaxation time 7, by
€=i/7,. (A.3)

This kinetic equation can easily be solved and the correlation functions evaluated.
In general

Gy = Gk, 2) =(u|G(k, 2)|[v) = G,, (A4)
and

2Gy, — 0ok Gy, = —8,,. (A.5)
The correlation functions for the hydrodynamic states are all of the form

Gy = dy,/8
and can be expressed in terms of a single integral

—t2

* e
7=F Ln ar-— (A.6)
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where
1 z+e€
=— —, A7
P=72 bok (A7)
The results are
1
do=5 (17§ iz ~1+2p*1-1)1)
1
d13_76__+ []+2P (1-0]
Y (s )+t (G-t 2ea-n]
= 21~ -1)[J+2p°(1—-J A8
ds z+e[ 3 1 z+eJ (vok) a2t v_oic_i 1t P 2 (A8)
J
e dss= e’

diy=dis=dss=d3s=dss=0

and

( Ok)2(1 ])+Ed33

The other correlation functions are obtained from these by use of equations (A.4) and
(A.5).
In the short-time limit, z - c0 so that

P= vokZ~/2 (1 +§) > (A9

Likewise, in the hydrodynamic limit z - 0, k -0 and

=5 (1+£>—)00
P Uok‘/z €

Now for large p:

1 3 1
J=1 2 O(p6) (A.10)

which enables the short-time and hydrodynamic limits of the correlation functions to be
calculated. In particular, for large p,

1 1-J k
G_44=_[z+ef’ )]=—z (;Jo )? [1+0(1/p?)]. (A11)

This is the approximation of Chung and Yip mentioned in § 4.2.
Finally, if a simplified form of the BGK equation is used with a collision integral
which only conserves particle number and momentum in the k direction, then

U-/.w(ka Z) = ~€6n,v(1 - 611,1 - 61'.2)-
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In particular, we now find

1_ze+1+z J____z2
l)okGlz (vok)2 z+e 1—-J (Dok)2

which is the approximation of Lovesey in § 4.6.

2z 2
+1+z+€[1+0(1/p )]

References

Akcasu A Z and Duderstadt J 1969 Phys. Rev. 188 479

1970 Phys. Rev. A 1905

Bhatnagar P L, Gross E P and Krook M 1954 Phys. Rev. 94 511
Chung C H and Yip S 1969 Phys. Rev. 182 323

Forster D 1974 Phys. Rev. A 9 943

Forster D and Martin P C 1970 Phys. Rev. A 2 1575

Hubbard J and Beeby J L 1969 J. Phys. C: Solid St. Phys. 2 556
Jhon M S and Forster D 1975 Phys. Rev. A 12 254

Kadanoft L P and Martin P C 1963 Ann. Phys., NY 24 419
Kerr W C 1968 Phys. Rev. 174 316

Kugler A A 1973 J. Statist. Phys. 8 107

Lebowitz J L, Percus I K and Sykes J 1969 Phys. Rev. 188 487
Lovesey S W 1971 J. Phys. C: Solid St. Phys. 4 3057

Mazenko G F 1974 Phys. Rev. A 9 360

Nelkin M 1969 Phys. Rev. 183 349

Nelkin M and Ranganathan S 1967 Phys. Rev. 164 222

Pathak K N and Singwi K S 1970 Phys. Rev. A 2 2427
Schofield P 1975 Specialist Periodical Reports, Statistical Mechanics vol 2 (London: The Chemical Society) p 1
Singwi K S, Skéld K and Tosi M P 1970 Phys. Rev. A 1 454
Sykes J 1973 J. Statist. Phys. 8 279

Zwanzig R and Bixon M 1970 Phys. Rev. A 2 2005




